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Abstract
The celebrated Erdo˝s-Ko-Rado Theorem and other intersection theorems on families
of sets have previously been generalised with respect to families of permutations. We
prove that many of these generalised intersection theorems for permutation families and
related families naturally extend to families of matchings of complete k-partite k-graphs.
Our results may be seen as surprising and strong generalisations of the Erdo˝s-Ko-Rado
Theorem, and our proofs rely merely on relatively simple inductive arguments.
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1 Introduction
For an integer n, let [n] denote the set {1, 2, . . . , n}. The power set of a set X is denoted by
2X and the set of subsets of X of size r is denoted by
(
X
r
)
. A family of sets F is intersecting if
A∩B 6= ∅ for all A,B ∈ F . For a family of sets G , a subfamily of the form {A ∈ G : x ∈ A}
for some x is called a star. The celebrated Erdo˝s-Ko-Rado Theorem is as follows.
Theorem 1.1 (The Erdo˝s-Ko-Rado Theorem [9]). Let n ≥ 2r and F ⊆
(
[n]
r
)
be an intersecting
family. Then
|F | ≤
(
n− 1
r − 1
)
.
Furthermore, for n > 2r equality is attained if and only if F is a star of
(
[n]
r
)
.
The Erdo˝s-Ko-Rado Theorem has been generalised extensively and many analogous results
have been proven for structures other than sets. One such generalisation is to the set of
generalised permutations Pr,n,m, defined for integers r, n,m with r ≤ min{n,m} as follows:
Pr,n,m = {{(x1, y1), . . . , (xr, yr)} : x1, . . . , xr are distinct elements of [n]
y1, . . . , yr are distinct elements of [m]} .
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When r = n = m, Pn,n,n is equivalent to the family of permutations on [n].
There has been extensive work on Erdo˝s-Ko-Rado-type theorems for permutations and gen-
eralised permutations; we here give a brief outline of some such results. Deza and Frankl [11]
proved that a family of intersecting permutations, i.e., an intersecting subset of Pn,n,n, has
size at most (n − 1)!. Cameron and Ku [6] and Larose and Malvenuto [14] independently
showed that an intersecting family of permutations has size (n−1)! if and only if the family is
a star of Pn,n,n. Larose and Malvenuto (see [14, Theorem 5.1]) also proved that intersecting
subfamilies of Pr,r,n have size at most (n−1)r−1, where for integers a and b, (a)b denotes
a!
(a−b)! .
Ku and Leader [13] showed that |F | ≤ (n−1)r−1(n−1)r−1(r−1)! for any intersecting family F ⊆ Pr,n,n
and characterised when equality holds, except for certain cases. These remaining cases were
shown by Li and Wang [15]. Borg and Meagher [3] proved that |F | ≤ (n−1)r−1(m−1)r−1(r−1)! for
intersecting subfamilies F ⊆ Pr,n,m for r < min{n,m} and, furthermore, that equality holds
if and only if F is a star of Pr,n,m.
We encapsulate all of the results above in the following theorem.
Theorem 1.2. Let F ⊆ Pr,n,m be an intersecting family. Then
|F | ≤
(n− 1)r−1(m− 1)r−1
(r − 1)!
.
Furthermore, equality holds if and only if F is a star of Pr,n,m.
In this paper, we will consider a generalisation of generalised permutations. We first
reinterpret generalised permutations in terms of hypergraphs. A hypergraph (V,E) is a pair
consisting of a set V whose elements are called of vertices and a set E ⊆ 2V whose elements are
called edges. Unlike graph edges, hypergraph edges may be incident to more than two vertices.
The complete k-partite k-graph with parts N1, . . . , Nk, denoted KN1,...,Nk , is the hypergraph
whose vertex set is the disjoint union of sets N1, . . . , Nk respectively, and whose edge set is
every k-set which contains exactly one vertex in Ni for all i. In particular, KN1 is the set
of singletons of N1 and KN1,N2 is the complete bipartite graph with parts N1 and N2. A
matching of a hypergraph is a sub-hypergraph in which every vertex is incident to exactly one
edge. Therefore, by letting N1 = [n], N2 = [m] and identifying the edge of KN1,N2 incident
to x ∈ N1 and y ∈ N2 to the tuple (x, y), we see that Pr,n,m is the set of matchings of
KN1,N2 with exactly r edges. We therefore generalise generalised permutations as follows. Let
Nk = (N1, . . . , Nk), where Ni is an ni-set for integers n1, . . . , nk. Then let Pr,Nk be the set of
matchings of KN1,...,Nk with exactly r edges.
The first main result of this paper is a generalisation of Theorem 1.2 to subfamilies of
Pr,Nk .
Theorem 1.3. Let F ⊆ Pr,Nk be an intersecting family. Then
|F | ≤
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
.
Furthermore, equality holds if and only if F is a star of Pr,Nk.
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In fact, as Pr,N1 =
(
N1
r
)
, Theorem 1.3 can be seen as a generalisation of the Erdo˝s-Ko-
Rado Theorem for n1 > 2r. Similarly, all the results on subfamilies of Pr,Nk to come can
be seen as generalisations of analogous results for families of sets and families of generalised
permutations.
A family F ⊆ Pr,Nk is t-intersecting if for all A,B ∈ F , |A ∩ B| ≥ t. A t-star of a
family G is a (non-empty) family of the form {A ∈ G : c1, . . . , ct ∈ A}, for some fixed elements
c1, . . . , ct. The generalisation of the Erdo˝s-Ko-Rado Theorem for t-intersecting families, below,
was shown for sufficiently large n by Frankl [10] and was proven completely by Wilson [16].
Theorem 1.4 (Wilson [16]). Let F ⊆
(
[n]
r
)
be a t-intersecting family. Then, for n ≥ (r− t+
1)(t+ 1),
|F | ≤
(
n− t
r − t
)
.
Furthermore, equality holds if and only if F is a t-star of
(
[n]
r
)
.
Ahlswede and Khachatran [1] proved tight upper bounds on the size of t-intersecting
families F ⊆
([n]
r
)
for all values of n < (r − t + 1)(t + 1), though the maximum families are
no longer t-stars; see the Conclusion for details. An analogous result for permutations, below,
was conjectured by Deza and Frankl [11] and proven by Ellis, Friedgut and Pilpel [8].
Theorem 1.5 (Ellis et al. [8]). Let F ⊆ Pn,n,n be a t-intersecting family. Then, for n
sufficiently larger than t,
|F | ≤ (n− t)! .
Furthermore, equality holds if and only if F is a t-star of Pn,n,n.
A result by Borg [2, Theorem 2.5] implies the following analogue of Theorem 1.5 for
subfamilies of Pr,n1,n2 .
Theorem 1.6 (Borg [2]). Let F ⊆ Pr,n1,n2 be a t-intersecting family with max{n1, n2} ≥
n(r, t). Then
|F | ≤
(n1 − t)r−t(n2 − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-star of Pr,n1,n2.
Brunk and Huczynska [5] independently showed a similar result for the case when n1 = r.
We will generalise Theorems 1.5 and 1.6 to Theorems 1.7 and 1.8, respectively.
Theorem 1.7. Let n = n1 = · · · = nk and F ⊆ Pn,Nk be a t-intersecting family. Then, for
n sufficiently larger than t,
|F | ≤ (n− t)!k−1 .
Furthermore, equality holds if and only if F is a t-star of Pn,Nk.
Theorem 1.8. Let F ⊆ Pr,Nk be a t-intersecting family. Then, for max{n1, . . . , nk} ≥
n(r, t),
|F | ≤
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-star of Pr,Nk.
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Ellis [7] proposed the following alternate intersecting condition for families of permutations.
A family of permutations F ⊆ Sn is t-set-intersecting if, for every σ, τ ∈ F , there is a t-set
T such that σ(T ) = τ(T ). The natural analogue of a t-star is a t-set-star, defined to be
{σ ∈ Pn,n,n : σ(S) = T} for some fixed t-sets S, T ⊆ [n]. Ellis [7] also proved the analogous
result to Theorem 1.5 for t-set-intersecting families, below.
Theorem 1.9 (Ellis [7]). Let F ⊆ Pn,n,n be a t-set-intersecting family. Then, for n suffi-
ciently larger that t,
|F | ≤ t! (n− t)! .
Furthermore, equality holds if and only if F is a t-set-star of Pn,n,n.
A natural generalisation of t-set-intersecting families to subsets of Pr,Nk is the following. A
family F ⊆ Pr,Nk is t-set-intersecting if, for all P,Q ∈ F , there exists t-sets T1 ⊆ N1, . . . , Tk ⊆
Nk such that |P ∩ T | = t = |Q ∩ T | for T = T1 × · · ·Tk. A t-set-star of Pr,Nk is a family
of the form {P ∈ Pr,Nk : |P ∩ C| = t} for a fixed set C = C1 × · · · × Ck for which
C1 ⊆ N1, . . . , Ck ⊆ Nk are each t-sets. We will prove the following analogous results to
Theorem 1.9 for t-set-intersecting families F ⊆ Pr,Nk .
Theorem 1.10. Let n = n1 = · · · = nk and F ⊆ Pn,Nk be a t-set-intersecting family. Then,
for n sufficiently larger than t,
|F | ≤ t!k−1(n− t)!k−1 .
Furthermore, equality holds if and only if F is a t-set-star of Pn,Nk.
Theorem 1.11. Let F ⊆ Pr,Nk be a t-set-intersecting family. Then, for r sufficiently larger
than t and n1, . . . , nk sufficiently larger than r,
|F | ≤ (t!)k−1
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-set-star of Pr,Nk.
Erdo˝s, Ko and Rado [9] also proved the following.
Theorem 1.12. Let F ⊆ 2[n] be an intersecting family. Then
|F | ≤ 2n−1 .
Stars of 2[n] show that the bound is best possible. Yet, unlike the Erdo˝s-Ko-Rado Theorem,
it is difficult to characterise when equality holds. Brouwer, Mills, Mills and Verbeek [4] provide
the number of maximum families for Theorem 1.12 for n ≤ 9 and this is the highest value
of n for which this has been achieved to date. The final main result of this paper is a result
analogous to Theorem 1.12 that is valid for any PR,Nk := ∪r∈RPr,Nk and k ≥ 2.
Theorem 1.13. Let F ⊆ PR,Nk be an intersecting family. Then
|F | ≤
∑
r∈R
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
.
Furthermore, equality holds if and only if F is a star of PR,Nk .
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The paper is organised as follows. Section 2 presents definitions and some preliminary
results. The proofs of Theorems 1.3 and 1.13 are given in Section 3, and Section 4 presents
the proofs of Theorems 1.7 and 1.8. Section 5 contains the proofs of Theorems 1.10 and 1.11.
In fact, we will show stronger versions of; Theorems 1.3 and 1.13 in Section 3, Theorems 1.7
and 1.8 in Section 4, and Theorems 1.10 and 1.11 in Section 5. We conclude the paper with
a partial extension of Theorem 1.13 to t-intersecting families as well as many open problems
and conjectures.
2 Definitions and preliminary results
For what follows, let k ≥ 2, let r, n1, . . . , nk be integers and r ≤ min{n1, . . . , nk}, and set
Nk = (N1, . . . , Nk), where each Ni is a set of ni elements. Let KN1,...,Nk denote the k-partite
k-graph with parts N1, . . . , Nk, respectively, as defined in the Introduction. Let Pr,Nk be the
set of matchings in KN1,...,Nk with r edges. That is,
Pr,Nk = {{(xi,1, xi,2, . . . , xi,k) : i ∈ [r]} : x1,j, . . . , xr,j are distinct elements of Nj for all j} .
We will use Pr,A,B to denote Pr,(A,B) for any sets A and B and use Pr,n1,n2 to denote
Pr,[n1],[n2], conforming with the Introduction.
For P ∈ Pr,Nk and distinct i, j ∈ [k], let
P ij = {(xi, xj) : (x1, . . . , xk) ∈ P}
and P i = (P i1, . . . , P
i
i−1, P
i
i+1, . . . , P
i
k) .
For a family F ⊆ Pr,Nk , let F
i = {P i : P ∈ F} and F ij = {P
i
j : P ∈ F}. Let
Rj(P ) = {(x1, . . . , xj−1, xj+1, . . . , xk) : (x1, . . . , xk) ∈ P for some xj ∈ Nj}
and, for any family F ⊆ Pr,Nk , let Rj(F ) = {Rj(P ) : P ∈ F}. For j 6= i and P ∈ Pr,Nk ,
let Rj(P
i) be the tuple P i with the entry P ij removed. Note that Rj(P
i) = (Rj(P ))
i; for
simplicity, we therefore write Rij(P ) to mean either of these sets. Similarly, let R
i
j(F ) =
{Rij(P ) : P ∈ F} as it is the same as (Rj(F ))
i and Rj(F
i). For X ∈ Rij(Pr,Nk) let
F|X =
{
P ij ∈ F
i
j : R
i
j(P ) = X
}
. Let Vi(P ) be the set of vertices in Ni incident to an edge
in P . Clearly, Vi(P
i
j ) = Vi(P ) for all j 6= i and P ∈ Pr,Nk and so Vi(P
i) := Vi(P ) and
Vi(R
i
j(P )) := Vi(P ) are well defined for all j 6= i.
We will study t-intersecting families by considering the following more general condition.
Matchings P,Q ∈ Pr,Nk weakly t-intersect if |P
i
j ∩Q
i
j| ≥ t for all distinct i, j ∈ [k]. A family
F is weakly t-intersecting if P and Q weakly t-intersect for all P,Q ∈ F . In particular, a
family F ⊆ Pr,Nk is weakly t-intersecting if and only if F
i
j is t-intersecting for all distinct
i, j ∈ [k]. A family is weakly intersecting if it is weakly 1-intersecting. For k = 2, weak
t-intersection and t-intersection coincide. For k ≥ 3, weak t-intersection is a non-trivial
generalisation of t-intersection; for instance, the matchings P = {(1, 1, 1), (2, 2, 2), (3, 3, 3)}
and Q = {(1, 1, 4), (2, 4, 2), (4, 3, 3)} weakly intersect but clearly do not intersect.
Lemma 2.1. Let F ⊆ Pr,Nk, X ∈ R
i
j(F ) and i 6= j. Then
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(i) if F is weakly t-intersecting, then Rj(F ) and F|X are weakly t-intersecting;
(ii) F|X ⊆ Pr,Vi(X),Nj ;
(iii) |F | = |F i|;
(iv) |F | =
∑
X∈Rij(F )
|F|X |.
Proof. If F is weakly t-intersecting, then it is clear by definition that Rj(F ) is weakly t-
intersecting. If X ∈ Rij(F ), then F|X ⊆ F
i
j and so F|X is weakly t-intersecting. This
establishes (i). Statement (ii) holds as Vi(P
i
j ) = Vi(R
i
j(P )) = Vi(X) for any P ∈ F such that
P ij ∈ F|X . For F ⊆ Pr,Nk , the function f
i : F → F i defined by f i(P ) = P i is a bijection,
as (x1, . . . , xk) ∈ P if and only if (xi, xj) ∈ P
i
j for all j 6= i. Thus, |F | = |F
i| and so statement
(iii) is true. Finally, it is clear that (Rij(P ), P
i
j ) 6= (R
i
j(Q), Q
i
j) for any distinct P,Q ∈ Pr,Nk .
Therefore,
|F | = |{(Rij(P ), P
i
j ) : P ∈ F}| =
∑
X∈Rij(F )
|{(X,P ij ) : R
i
j(P ) = X}| =
∑
X∈Rij(F )
|F|X | ,
establishing statement (iv).
Recall from the Introduction that, for t ≥ 1, a t-star of a family G is a non-empty family
{P ∈ G : c1, . . . , ct ∈ P} for some fixed elements c1, . . . , ct. A weak t-star of Pr,Nk is family
F such that F ij is a t-star of Pr,Ni,Nj for all distinct i, j ∈ [k]. Similarly, a weak t-star of
Pir,Nk
is a family G such that G ij is a t-star of Pr,Ni,Nj for all j 6= i. Clearly every weak t-star
of Pr,Ni,Nj is a t-star. In fact, we will show that t-stars are the only weak t-stars of Pr,Nk for
all k ≥ 2. First we make the following observation.
Remark. For a t-star {P ∈ Pr,Nk : c1, . . . , ct ∈ P} of Pr,Nk , the elements c1, . . . , ct are
uniquely determined except in the following special case. Let N1, . . . , Nk be (t + 1)-sets and
let r = t+1. Then any t-star F of Pr,Nk contains a single element C
′ = {c1, . . . , ct+1}. Thus,
F = {P ∈ Pr,Nk : ci1 , . . . , cit ∈ P} for any distinct ci1 , . . . , cit ∈ C
′. Any t-intersecting
family of Pr,Nk is trivially a single-element family and, hence, a t-star when r = t + 1 and
N1, . . . , Nk are (t + 1)-sets. Similarly, t-intersecting families of Pr,Nk are trivially single-
element families when r = t. Therefore, without loss of generality, we assume that either
r > t+1 or at least one of N1, . . . , Nk has size greater than t+1. Then any t-star F of Pr,Nk
has a unique t-set C, called the centre, such that F = {P ∈ Pr,Nk : C ⊆ P}.
Lemma 2.2. If F is a weak t-star of Pr,Nk , then F is a t-star of Pr,Nk .
Proof. We proceed by induction on k. The base case k = 2 is clearly seen to be true, since
then F = F 12 . So, assume that k ≥ 3. Let C
i
j be the centre of F
i
j for all distinct i, j ∈ [k],
unless r = t + 1 = |Ni| = |Nj | in which case, let C
i
j be any t-subset of the member of
F ij . Let Ui =
⋃
j 6=i Vi(C
i
j) for all i ∈ [k]. Without loss of generality, assume whenever
r = t + 1 = |Ni| = |Nj | that C
i
j is chosen to minimise the size of Ui. If |Ui| = t for some
i ∈ [k], then F is the t-star with centre
C = {(x1, . . . , xk) : xi ∈ Ui and (xi, xj) ∈ C
i
j for all j 6= i} .
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It is therefore sufficient to show that |Ui| = t holds for some i ∈ [k].
Clearly, Rj(F ) is a weak t-star of (Pr,Nk)j for all j ∈ [k]. Therefore by induction, Rj(F )
is a t-star for all j ∈ [k]. Thus, U ′i,j :=
⋃
l 6=i,j Vi(C
i
l ) is a t-set for all distinct i, j ∈ [k]. In
particular, if k ≥ 4, then U ′1,2 and U
′
1,3 are t-sets and each must be a superset of the t-set
V1(C
1
4 ). It follows that U
′
1,2 = V1(C
1
4 ) = U
′
1,3 and, hence, that U1 = U
′
1,2 ∪U
′
1,3 = V1(C
1
4 ); that
is, |U1| = t, as required.
Now suppose that k = 3 and, for the sake of contradiction, further suppose that |Ui| > t for
all i ∈ [k]. Without loss of generality, assume that N1 or N2 has size greater than t+1. Then
there are elements x ∈ N1 and y ∈ N2 such that x /∈ V1(C
1
2 ) and y /∈ V2(C
2
1 ) but x ∈ U1 and
y ∈ U2, i.e., x ∈ V1(C
1
3 )− V1(C
1
2 ) and y ∈ V2(C
2
3 )− V2(C
2
1 ). Let (x,w) ∈ C
1
3 and (y, z) ∈ C
2
3 .
If w = z, then (x, y, w) ∈ P for all P ∈ F and, therefore, every P ∈ F 12 contains (x, y) /∈ C
1
2 ,
contradicting the fact that F 12 is the t-star of Fr,N1,N2 with centre C
1
2 . If w 6= z, then every
P ∈ F contains (x, a,w) and (b, y, z) for some a ∈ N1 − {x} and b ∈ N2 − {y}. However, this
means that no member of F 12 contains (x, y), contradicting the fact that F
1
2 is the t-star of
Fr,N1,N2 with centre C
1
2 .
It is possible that F is not a t-star but that some F i is a weak t-star. For such cases we
will use the following lemma.
Lemma 2.3. Suppose that F ⊆ Pr,Nk is not a t-star and that F
i is a weak t-star of Pir,Nk
for some i ∈ [k]. Then
|F | <
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Proof. To simplify notation, suppose that F k is a weak t-star of Pkr,Nk . For P ∈ Pr,Nk , let
AP be the r× (k − 1) array with rows indexed by Vk(P ) = {x1, . . . , xr} and columns indexed
by [k − 1] whose entry in row xi and column j is the element y ∈ Nj for which (xi, y) ∈ P
k
j .
Let Ar,Nk be the set of r × (k − 1) arrays A indexed by some I ∈
(
Nk
r
)
such that column j of
A contains r distinct elements of Nj for all j ∈ [k − 1]. Then, P → AP is a bijection between
Pr,Nk and Ar,Nk , where two arrays indexed by different sets are here seen as distinct.
Let Ckj = {(xl,j , yl,j) : l ∈ [t]} be the centre of F
k
j for all j ∈ [k − 1], unless r = t + 1 =
|Nj | = |Nk|, in which case choose C
k
j to be any t-subset of the member of F
k
j which minimises
the set Uk =
⋃k−1
j=1 Vk(C
k
j ) = {xl,j : l ∈ [t], j ∈ [k − 1]}. Let F
′ = {P ∈ Pr,Nk : C
k
j ⊆
P kj for all j ∈ [k−1]}. As F ⊆ F
′ and (F ′)k is also a weak t-star of Pkr,Nk with C
k
j the centre
of F kj for all j ∈ [k − 1], it suffices to show that the lemma is true for F
′. For any P ∈ F ′,
the array AP has the entry yl,j in row xl,j and column j for all l ∈ [t] and j ∈ [k − 1]. In
particular, for all P ∈ F ′, AP is indexed by some set I ∈
(
Nk
r
)
such that Uk ⊆ I. Conversely,
any array A ∈ Ar,Nk , indexed by I ∈
(
Nk
r
)
such that Uk ⊆ I, for which the entry in row xl,j
and column j contains yl,j for all l ∈ [t], must be the array for some matching P ∈ F
′. For a
given set I ∈
(
Nk
r
)
such that Uk ⊆ I, there are
∏k−1
j=1(nj − t)r−t arrays A ∈ Ar,Nk indexed by I
for which the entry in row xl,j and column j contains yl,j. Therefore, there are
∏k−1
j=1(nj−t)r−t
7
matchings P ∈ F ′ such that Vk(P ) = I for all I ∈
(
Nk
r
)
that satisfy Uk ⊆ I. Thus,
|F ′| =
(
nk − |Uk|
r − |Uk|
) k−1∏
j=1
(nj − t)r−t =
(n1 − t)r−t · · · (nk−1 − t)r−t(nk − |Uk|)r−|Uk|
(r − |Uk|)!
. (1)
If |Uk| = t, then without loss of generality, xl,j = xl,j′ for all j, j
′ ∈ [k − 1] and by
observation it follows that F ′ is the t-star with centre {(yl,1, . . . , , yl,k−1, xl,1) : l ∈ [t]}.
Therefore, |Uk| ≥ t+ 1 and it follows from (1) that
|F ′| =
(n1 − t)r−t · · · (nk−1 − t)r−t(nk − |Uk|)r−|Uk|
(r − |Uk|)!
<
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
,
as required.
It is a simple counting exercise to show that any t-star of Pr,Nk has size
1
(r−t)!
∏k
i=1(ni −
t)r−t. So, the above lemma implies that if F
i is a weak t-star for some i and |F | =
(n1−t)r−t···(nk−t)r−t
(r−t)! , then F is a t-star.
3 Proof of Theorems 1.3 and 1.13
Theorem 1.3 follows from the stronger result below.
Theorem 3.1. Let F ⊆ Pr,Nk be a weakly intersecting family. Then
|F | ≤
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
.
Furthermore, equality holds if and only if F is a star of Pr,Nk.
Proof. We proceed by induction on k. The base case, k = 2, is Theorem 1.2. So, suppose
k ≥ 3. Let i ∈ [k] and j ∈ [k] − {i}. By Lemma 2.1 (i) and (ii), F|Rij(P )
is (weakly)
intersecting and F|Rij(P )
⊆ Pr,Vi(P ),Nj for all P ∈ F . Since |Vi(P )| = r, Theorem 1.2 implies
that
∣∣F|Rij(P )
∣∣ ≤ (|Vi(P )|−1)r−1(nj−1)r−1(r−1)! = (nj − 1)r−1. By Lemma 2.1 (i), Rj(F ) is also
weakly intersecting. Thus by induction, |Rj(F )| ≤
∏
l 6=j(nl−1)r−1
(r−1)! and so by Lemma 2.1 (iii),
|Rij(F )| ≤
∏
l 6=j(nl−1)r−1
(r−1)! . Then by Lemma 2.1 (iv),
|F | =
∑
X∈Rij(F )
|F|X | ≤
∑
X∈Rij(F )
(nj − 1)r−1 ≤
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
, (2)
which establishes the bound of the theorem.
Now we characterise when equality holds in the bound of the theorem. Clearly, if F
is a star, then |F | = (n1−1)r−1···(nk−1)r−1(r−1)! . So suppose that |F | =
(n1−1)r−1···(nk−1)r−1
(r−1)! . By
Lemma 2.1 (iii), equality in (2) holds only if |Rj(F )| = |R
i
j(F )| =
∏
l 6=j(nl−1)r−1
(r−1)! and, by
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induction, F il is a star of Pr,Ni,Nl for all l 6= i, j. As j was arbitrary and k ≥ 3, |Rj′(F )| =∏
l 6=j′(nl−1)r−1
(r−1)! for any j
′ ∈ [k] − {i, j}, and so F il is a star of Pr,Ni,Nl for all l 6= i, j
′. In
particular, F ij is a star of Pr,Ni,Nj . Therefore, F
i
l is a star of Pr,Ni,Nl for all l 6= i, and so
F i is a weak star of Pir,Nk . By Lemma 2.3, F is a star of Pr,Nk .
Let n = min{n1, . . . , nk}. Recall from the Introduction that PR,Nk =
⋃
r∈R Pr,Nk for
each set R ∈ 2[n]. We prove Theorem 1.13 by proving the slightly stronger theorem below.
Theorem 3.2. Let F ⊆ PR,Nk be a weakly intersecting. Then
|F | ≤
∑
r∈R
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
.
Furthermore, equality holds if and only if F is a star of PR,Nk .
Proof. The result is trivial if R = {1} or n1 = · · · = nk = 2. So suppose that neither R = {1}
or n1 = · · · = nk = 2 is true. Let Fr,Nk = F ∩Pr,Nk for all r ∈ R. By Theorem 3.1,
|F | =
∑
r∈R
|Fr,Nk | ≤
∑
r∈R
(n1 − 1)r−1 · · · (nk − 1)r−1
(r − 1)!
,
and equality holds if and only if Fr,Nk is a star of Pr,Nk , for all r ∈ R. Clearly, a star of PR,Nk
meets the bound of the theorem. If |F | =
∑
r∈R
(n1−1)r−1···(nk−1)r−1
(r−1)! , then for any Q ∈ PR,Nk
such that Q 6∈ F we must have that F ∪{Q} is not weakly intersecting. Conversely, if P ∈ F
and Q ⊇ P , then Q weakly intersects each member of F , since P weakly intersects each
member of F . Therefore, for any P ∈ Fr,Nk and Q ⊇ P , such that |Q| ∈ R, Q must be a
member of F . Thus, if C is the centre of Fs,Nk for s = min{r ∈ R}, then Fr,Nk contains the
star of Pr,Nk with centre C for all r ∈ R. Hence, each family Fr,Nk must be the star of Pr,Nk
with centre C and so F is the star of PR,Nk with centre C.
4 Proof of Theorems 1.7 and 1.8
We first show Theorem 1.8 by showing the slightly stronger result, below.
Theorem 4.1. Let F ⊆ Pr,Nk be a weakly t-intersecting family. Then, for max{n1, . . . , nk} ≥
n(r, t),
|F | ≤
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-star of Pr,Nk.
Proof. We proceed by induction on k. The base case, k = 2, is Theorem 1.6. So, suppose
k ≥ 3. Choose i ∈ [k] so that ni ≥ n(r, t). Let j ∈ [k] − {i}. By Lemma 2.1 (i) and (ii),
F|Rij(P )
is t-intersecting and F|Rij(P )
⊆ Pr,Vi(P ),Nj for all P ∈ F . Therefore, Theorem 1.6
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implies that
∣∣F|Rij(P )
∣∣ ≤ (nj − 1)r−1. By Lemma 2.1 (i), Rj(F ) is also weakly t-intersecting.
Thus by induction, |Rj(F )| ≤
∏
l 6=j(nl−1)r−1
(r−1)! . Then by Lemma 2.1 (iii) and (iv),
|F | =
∑
X∈Rij(F )
|F|X | ≤
∑
X∈Rij(F )
(nj − t)r−t ≤
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
, (3)
which establishes the bound of the theorem.
Now suppose that |F | = (n1−t)r−t···(nk−t)r−t(r−t)! . Then equality holds in (3) and, by Lemma 2.1 (iii),
|Rj(F )| = |R
i
j(F )| =
∏
l 6=j(nl−t)r−t
(r−t)! . Thus by induction, F
i
l is a t-star of Pr,Ni,Nl for all
l 6= i, j. As j was arbitrary and k ≥ 3, F il is a star of Pr,Ni,Nl for any j
′ ∈ [k]−{i, j} and all
l 6= i, j′. In particular, F ij is a also star of Pr,Ni,Nj . So, F
i is a weak t-star of Pir,N . Hence
by Lemma 2.3, F is a t-star of Pr,Nk .
We end this section with a slightly stronger version of Theorem 1.7.
Theorem 4.2. Let n = n1 = · · · = nk and let F ⊆ Pn,Nk be a weakly t-intersecting family.
Then, for n sufficiently larger than t,
|F | ≤ (n− t)!k−1 .
Furthermore, equality holds if and only if F is a t-star of Pn,Nk.
Proof. The theorem can be shown by modifying the proof of Theorem 4.1, namely by using
Theorem 1.5 instead of Theorem 1.6. The details are left to the reader.
5 Proof of Theorem 1.11
Recall from the Introduction that P,Q ∈ Pr,Nk t-set-intersect if |P ∩T | = t = |Q∩T | for some
T = T1 × · · · × Tk such that T1 ⊆ N1, . . . , Tk ⊆ Nk are each t-sets. Also, a family F ⊆ Pr,Nk
is t-set-intersecting if P and Q t-set-intersect for all P,Q ∈ F . For C = C1 × · · · × Ck such
that C1 ⊆ N1, . . . , Ck ⊆ Nk are each t-sets, the t-set-star of Pr,Nk with centre C is the family
{P ∈ Pr,Nk : |P ∩ C| = t}.
Remark. The centre of a t-set-star F of Pr,Nk is well defined except in the following case.
Let r = 2t and let N1, . . . , Nk be (2t)-sets. Let F = {P ∈ Pr,Nk : |P ∩ C| = t} as above.
Then F = {P ∈ Pr,Nk : |P ∩D| = t} for D = (N1−C1)× · · ·× (Nk−Ck) and so, F can be
considered to have centre C or D. As we are only concerned with t-set intersecting families
F ⊆ Pr,Nk for r sufficiently large, the centre of any t-set-star of Pr,Nk will always be well
defined.
Families G ,G ′ ⊆ Pr,Nk cross t-set-intersect if P and Q t-set-intersect for all P ∈ G and
Q ∈ G ′.
Lemma 5.1. Let G be a t-set-star of Pr,A,B and let G
′ be a t-set-star of Pr,A′,B′ , for r-sets
A,A′, B and B′, with r sufficiently larger than t. If G and G ′ do not have the same centre,
then G and G ′ are not cross t-set-intersecting.
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Proof. First suppose that A = A′ and B = B′. Then, without loss of generality, we can
consider distinct t-sets-stars G and G ′ of Pr,r,r. By Theorem 1.5, G is maximal and so for
any P ∈ G − G ′, the family G ′ ∪ {P} is not t-set-intersecting. Thus, G and G ′ are not cross
t-set-intersecting.
Now suppose that (A,B) 6= (A′, B′). Let C = C1×C2 and C
′ = C ′1×C
′
2 be the centres of
G and G ′, respectively. As C and C ′ are distinct, we can find bijective functions σ : A′ → A
and τ : B′ → B such that σ(x) = x if x ∈ A ∩ A′, τ(y) = y if y ∈ B ∩ B′ and C ′′ := {σ(x) :
x ∈ C ′1} × {τ(y) : y ∈ C
′
2} 6= C. For P ∈ G
′, let Pσ,τ = {(σ(x), τ(y)) : (x, y) ∈ P}
and let G ′′ = {Pσ,τ : P ∈ G
′}. Clearly, G and G ′ are cross t-set-intersecting only if G and
G ′′ are cross t-set-intersecting. However, G ′′ is a t-set-star of Pr,A,B with centre C
′′ and in
particular is distinct from G . Therefore, by the first part of the proof, G and G ′ are not cross
t-set-intersecting.
The proof of Theorem 1.11 is similar to the proofs in the previous section. In particular,
we will use induction on k. As Theorem 1.11 has not been shown for k = 2 when r, n1 and n2
are not all the same, we show it here.
Proposition 5.2. Let F ⊆ Pr,N1,N2 be a t-set-intersecting family. Then, for r sufficiently
larger than t and n1, n2 sufficiently larger than r,
|F | ≤ t!
(n1 − t)r−t(n2 − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-set-star of Pr,N1,N2.
Proof. Clearly, if P,Q ∈ F , then the sets Vj(P ) and Vj(Q) are t-intersecting, for j = 1, 2.
Therefore, the families Vj(F ) = {Vj(P ) : P ∈ F} ⊆
(
Nj
r
)
are t-intersecting for j = 1, 2.
Thus by Theorem 1.4, V1(F ) ≤
(
n1−t
r−t
)
and V2(F ) ≤
(
n2−t
r−t
)
. For A ∈ V1(F ) and B ∈ V2(F ),
let Fr,A,B = F ∩ Pr,A,B. By Theorem 1.9, |Fr,A,B| ≤ t! (r − t)! for all A ∈ V1(F ) and
B ∈ V2(F ). Therefore,
|F | =
∑
A∈V1(F ),
B∈V2(F )
|Fr,A,B | ≤
∑
A∈V1(F ),
B∈V2(F )
t! (r − t)! ≤ t!
(
n1 − t
r − t
)(
n2 − t
r − t
)
(r − t)! ,
establishing the bound.
Clearly a t-set-star of Pr,N1,N2 attains the bound of the theorem. If equality holds in the
above, then |Fr,A,B | = t! (r − t)! for all A ∈ V1(F ) and B ∈ V2(F ) and, hence, Theorem 1.9
implies that Fr,A,B is a t-star of Pr,A,B for all A ∈ V1(F ) and B ∈ V2(F ). For A,A
′ ∈ V1(F )
and B,B′ ∈ V2(F ), the families Fr,A,B and Fr,A′,B′ are cross t-set-intersecting, as Fr,A,B and
Fr,A′,B′ are each subfamilies of F . Therefore, by Lemma 5.1, Fr,A,B and Fr,A′,B′ must have
the same centre, say C, for all A,A′ ∈ V1(F ) and B,B
′ ∈ V2(F ). Hence, F is the t-star of
Pr,N1,N2 with centre C.
A weak t-set-star of Pir,Nk is a family F
i such that F ij is a t-set-star of Pr,Ni,Nj for all
j 6= i. A weak t-set-star of Pr,Nk is a family F such that F
i is a weak t-set-star for all i. We
will need the following analogue of Lemma 2.3 for t-set-stars.
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Lemma 5.3. Suppose that F ⊆ Pr,Nk is not a t-set-star and that F
i is a weak t-set-star of
Pir,Nk
for some i ∈ [k]. Then, for r sufficiently larger than t,
|F | < (t!)k−1
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Proof. To simplify notation, assume that F k is a weak t-set-star of Pkr,Nk . Let A
k
j × B
k
j ⊆
Nk ×Nj be the centre of F
k
j for all j ∈ [k − 1], and let
F
′ = {P ∈ Pr,Nk : |P
k
j ∩ (A
k
j ×B
k
j )| = t for all j ∈ [k − 1]} .
Then F ⊆ F ′ and so it suffices to show the lemma for F ′. Let B(Akj , B
k
j ) be the set of bijective
functions from Akj to B
k
j and let Bk =
∏k−1
j=1 B(A
k
j , B
k
j ). For σ ∈ Bk, let σ = (σ1, . . . , σk−1)
and
F
′
σ = {P ∈ Pr,Nk : (a, σj(a)) ∈ P
k
j for all a ∈ A
k
j for all j 6= k} .
As each family F ′σ is of the form
{P ∈ Pr,Nk : C
k
j ⊆ P
k
j for all j ∈ [k − 1]}
for Ckj = {(a, σj(a)) : a ∈ A
k
j }, it follows from (1) in the proof of Lemma 2.3 that
|F ′σ| =
(n1 − t)r−t · · · (nk−1 − t)r−t(nk − |Uk|)r−|Uk|
(r − |Uk|)!
, (4)
where Uk =
⋃k−1
j=1 A
k
j . For any a ∈ A
k
j and P ∈ F
′, (a, b) ∈ P kj for exactly one b ∈ B
k
j , by
definition of F ′. Therefore, P ∈ F ′ is a member of exactly one F ′σ. Hence, it follows from
(4) that
|F ′| =
∣∣∣∣∣
⋃
σ∈Bk
Fσ
∣∣∣∣∣ = (t!)k−1
(n1 − t)r−t · · · (nk−1 − t)r−t(nk − |Uk|)r−|Uk|
(r − |Uk|)!
. (5)
If Uk has size t, i.e., A
k
1 = · · · = A
k
k−1, then it follows that F
′ is the t-set-star of Pr,Nk
with centre Bk1 × · · · ×B
k
k−1 ×A
k
1 . Hence, |Uk| ≥ t+ 1. Thus,(5) implies that
|F ′| ≤ (t!)k−1
(n1 − t)r−t · · · (nk−1 − t)r−t(nk − |Uk|)r−|Uk|
(r − |Uk|)!
< (t!)k−1
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
It can be easily shown that the analogous statement to Lemma 2.1 (i) for t-set intersecting
families, below, holds.
(i’) If F ⊆ Pr,Nk is weakly t-set-intersecting, then Rj(F ) and F|X are weakly t-set-
intersecting for all distinct i, j ∈ [k] and X ∈ Rij(F ).
We now prove Theorem 1.11, by proving the following slightly stronger result.
12
Theorem 5.4. Let F ⊆ Pr,Nk be a weakly t-set-intersecting family. Then, for r sufficiently
larger than t and n1, . . . , nk sufficiently larger than r,
|F | ≤ (t!)k−1
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-set-star of Pr,Nk.
Proof. We proceed by induction on k. The base case k = 2 is Proposition 5.2. So, suppose
k ≥ 3. Let i ∈ [k] and j ∈ [k]− {i}. By (i’) above, F|Rij(P ) is t-set-intersecting for all P ∈ F .
Therefore by Lemma 2.1 (ii) and Proposition 5.2,
∣∣F|Rij(P )
∣∣ ≤ t! (nj − t)r−t for all P ∈ F .
The family R(F )ij is also t-set-intersecting, by (i’). Hence by Lemma 2.1 (iii) and induction,
it follows that |Rj(F )| = |R
i
j(F )| ≤ (t!)
k−2
∏
l 6=j(nl−t)r−t
(r−t)! . Then by Lemma 2.1 (iv),
|F | =
∑
X∈Rij(F )
|F|X | ≤
∑
X∈Rij(F )
t! (nj − t)r−t ≤ (t!)
k−1 (n1 − t)r−t · · · (nk − t)r−t
(r − t)!
, (6)
which establishes the bound of the theorem.
Clearly a t-set-star of Pr,Nk attains the bound of the theorem. Suppose that F ⊆ Pr,Nk
is a t-set-intersecting family such that |F | = (t!)k−1 (n1−t)r−t···(nk−t)r−t(r−t)! . By Lemma 2.1 (iii),
equality in (6) holds only if |Rj(F )| = |R
i
j(F )| = (t!)
k−2
∏
l 6=j(nl−t)r−t
(r−t)! and, by induction,
F il is a t-set-star of Pr,Ni,Nl for all l 6= i, j. As j was arbitrary and k ≥ 3, |Rj′(F )| =
(t!)k−2
∏
l 6=j′ (nl−t)r−t
(r−t)! for any j
′ ∈ [k]−{i, j}, and F il is a t-set-star of Pr,Ni,Nl for all l 6= i, j
′. In
particular, F ij is a t-set-star of Pr,Ni,Nj . So, F
i is a weak t-set-star of Pir,Nk . By Lemma 5.3,
F is a t-set-star of Pr,Nk .
We end this section with a slight generalisation of Theorem 1.10.
Theorem 5.5. Let n = n1 = · · · = nk and let F ⊆ Pn,Nk be a weakly t-set-intersecting
family. Then, for n sufficiently larger than t,
|F | ≤ t!k−1(n− t)!k−1 .
Furthermore, equality holds if and only if F is a t-set-star of Pn,Nk.
Proof. One can prove the theorem by modifying the proof of Theorem 4.1, namely by using
Theorem 1.9 instead of Proposition 5.2. We leave the details to the reader.
6 Concluding Remarks
As described in the Introduction, Ahlswede and Khachatran [1] extended Theorem 1.4 to all
values n < (r− t+1)(t+1). More precisely they proved the following theorem. For i ∈ [n−t2 ],
let Fi = {F ∈
([n]
r
)
: |F ∩ [t+ 2i]| ≥ t+ i}. In the theorem, we use the convention t−1
s
=∞
when s = 0.
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Theorem 6.1 (Ahlswede and Khachatran [1]). Let F ⊆
([n]
r
)
be a t-intersecting family. If
(r − t + 1)(2 + t−1
s+1) < n < (r − t+ 1)(2 +
t−1
s
) for some integer s ≥ 0, then
|F | ≤ |Fs|
and equality holds if and only if F is isomorphic to Fs.
If n = (r − t+ 1)(2 + t−1
s+1) for some s, then
|F | ≤ |Fs| = |Fs+1|
and equality holds if and only if F is isomorphic to either Fs or Fs+1.
In particular, for n < (r−t+1)(t+1), F0, i.e. a t-star, is not maximally sized. Analogously,
t-stars of Pn,n,n cannot be maximally sized t-intersecting families for all values of n; consider
the following example. For i ∈ [n−t2 ], let
Gi = {σ ∈ Pn,n,n : |Fix(σ) ∩ [t+ 2i]| ≥ t+ i} ,
where Fix(σ) is the set of fixed points of the permutation σ.
Example. When n = 8 and t = 4, G1 =
{
σ ∈ P8,8,8 :
∣∣Fix(σ)∩ [6]∣∣ ≥ 5} and |G1| = 13× 2!,
while a 2-star of P8,8,8 has size 4!. In fact, for any t ≥ 4 and n ≤ 2t, G1 will be larger than a
t-star.
Ellis et al. [8] conjectured the following.
Conjecture 6.2 (Ellis et al. [8]). Let F ⊆ Pn,n,n be a t-intersecting family. Then
|F | ≤ max
i
|Gi| .
Furthermore, equality holds only if F is isomorphic to Gi for some i.
Brunk and Huczynska [5] conjectured that an analogous result to Conjecture 6.2 holds for
families F ⊆ Pr,r,n, where Hi is as defined below for k = 2.
Conjecture 6.3 (Brunk and Huczynska [5]). Let F ⊆ Pr,r,n be a maximum t-intersecting
family. Then F is equivalent to Ht+2l, where l is the largest integer in [
r−t
2 ] that satisfies
(2l + t− 1)
l∑
i=0
(−1)i
(
l
i
)
(n− l − t− i)! ≥ l
l∑
i=0
(−1)i
(
l
i
)
(n− l − t+ 1− i)! .
We generalise Conjectures 6.2 and 6.3 as follows. Let n = min{n1, . . . , nk}, {e1, . . . , en} ∈
Pn,Nk and Hl = {ei : i ∈ [l]} for l = 1, . . . n. Also, let Hi = {P ∈ Pr,Nk : |P ∩Ht+2i| ≥
t+ i}.
Conjecture 6.4. Let F ⊆ Pr,Nk be a t-intersecting family. Then
|F | ≤ max
i
|Hi| .
Furthermore, equality holds only if F is isomorphic to Hi for some i.
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When r is sufficiently large, t-stars are the largest of the families Hi. So, Conjecture 6.4
would imply the following conjecture.
Conjecture 6.5. Let F ⊆ Pr,Nk be a t-intersecting family. Then, for r sufficiently larger
than t,
|F | ≤
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-star of Pr,Nk.
Borg [2] conjectured a result that would imply Conjecture 6.5 when k = 2, from which,
using the techniques in this paper, the remaining cases of Conjecture 6.5 would follow.
Ellis [7] conjectured the following.
Conjecture 6.6 (Ellis [7]). Let F ⊆ Pn,n,n be a t-set-intersecting family. Then
|F | ≤ t! (n − t)! .
Furthermore, equality holds if and only if F is a t-set star of Pn,n,n, unless t = 2 and n = 4.
The exception in the conjecture is necessary, as the following example from [7] demon-
strates.
Example. Let t = 2 and n = 4. Then the family F = {id, (12)(34), (13)(24), (14)(23)} of
permutations on [4] is 2-set intersecting and has 4 members but is not a 2-set-star of P4,4,4.
Ellis’ [7] example can be extended as follows.
Example. Let t = 2, k ≥ 3, r = 4 = n1 = · · · = nk, and Ni = [ni] = [4]. Define the family
F = {P ∈ P4,Nk : P
1
j ∈ S for all j 6= 1} ,
where S = {id, (12)(34), (13)(24), (14)(23)}. Then F is the family of all P ∈ P4,Nk of the
form {(x, σ2(x), . . . , σk(x)) : x ∈ [4]} for some σ2, . . . , σk ∈ S. So, for any distinct i, j ∈ [k],
F ij is the family of all permutations of the form
{(σi(x), σj(x)) : x ∈ [4]} = {(x, σjσ
−1
i (x)) : x ∈ [4]} .
It is easy to check that S is a group. Therefore, {(x, σjσ
−1
i (x)) : x ∈ [4]} ∈ S for all
σi, σj ∈ S. Thus, F
i
j = S for all distinct i, j ∈ [k] and, as S is 2-set-intersecting, F is weakly
2-set-intersecting.
The matching {(x, . . . , x) : x ∈ [4]} ∈ F can t-set-intersect another matching P ∈ P4,Nk
only if P contains at least two edges (x1, . . . , xk) such that |{x1, . . . , xk}| ≤ 2. However, as
the matching
{(1, 2, 3, 3, . . . , 3), (2, 1, 4, 4, . . . , 4), (3, 4, 1, 1, . . . , 1), (4, 3, 2, 2, . . . , 2)}
lies in F , F cannot be t-set-intersecting. Also, |F | equals |S|k−1 = 22k−2, the same size as a
2-set-star of P4,Nk . Hence, t-set stars cannot be the unique maximum weakly t-set-intersecting
families, but may be the maximum t-set-intersecting families for k ≥ 3.
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We therefore conjecture as follows.
Conjecture 6.7. Let F ⊆ Pr,Nk be a weakly t-set-intersecting family. Then
|F | ≤ (t)!k−1
(n1 − t)r−t · · · (nk − t)r−t
(r − t)!
.
Furthermore, equality holds if and only if F is a t-set-star, unless t = 2 and r = n1 = . . . =
nk = 4.
We also expect the exception to not be necessary if we instead consider t-set intersecting
families for k ≥ 3. By the arguments in the paper, the conjecture above would largely follow
from the k = 2 case, and, in particular, Conjecture 6.6 would imply Conjecture 6.7 when
r = n1 = · · · = nk. We also expect that every weak t-set-star of Pr,Nk is a t-set-star, i.e., an
analogue of Lemma 2.2 for t-set stars holds.
Katona [12] considered t-intersecting families F ⊆ 2[n] and proved the following theorem.
For l, x ∈ [n], let Al = {A ∈ 2
[n] ; |A| ≥ l} and Al,x = {A ∈ 2
[n] ; |A− {x}| ≥ l}.
Theorem 6.8 (Katona [12]). Let F ⊆ 2[n] be a t-intersecting family. Then either
(a) n+ t = 2l and
|F | ≤ |Al| ,
with equality only if F = Al; or
(b) n+ t = 2l + 1 and
|F | ≤ |Al,1| ,
with equality only if there exists x ∈ [n] such that F = Al,x.
A special case of a conjecture by Borg [2], given below, would if true be an analogue of
Katona’s Theorem for generalised permutations.
Conjecture 6.9 (Borg [2]). Let F ⊆ P2[n],n1,n2 be a maximally t-intersecting family. Then
F is a t-star of F ⊆ P2[n],n1,n2.
Borg [2] was able to prove a weakened version of his conjecture, a special case of which is
given below.
Theorem 6.10 (Borg [2]). Let R ⊆ [s] − [t − 1] for some integers s and t. Then, for n
sufficiently larger than s and t, any maximally t-intersecting family F ⊆ PR,n1,n2 is a t-star
of PR,n1,n2 .
Theorem 6.10 naturally extends to the following result, by a similar argument to the proof
of Theorem 1.13.
Theorem 6.11. Let R ⊆ [s]− [t−1] for some integers s and t. Then, for n sufficiently larger
than s and t, any maximally weakly t-intersecting family F ⊆ PR,Nk is a t-star of PR,Nk .
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Proof. Choose n sufficiently large so that Theorem 4.1 is applicable to Fr,Nk := F ∩Pr,Nk
for all r ∈ R. Then |Fr,Nk | is maximal if and only if Fr,Nk is a t-star of Pr,Nk for all r ∈ R.
If P ∈ F , Q ∈ PR,Nk and Q ⊇ P , then Q ∈ F since F is a maximally weakly t-intersecting
family. Thus, if C is the centre of Fr′,Nk for r
′ = min{r ∈ R}, then Fr,Nk must contain,
and therefore be, the t-star of Pr,Nk with centre C. Hence, F is the t-star of PR,Nk with
centre C.
We expect that Theorem 6.11 can be extended as follows.
Conjecture 6.12. Let F ⊆ P2[n],Nk be a maximally weakly t-intersecting family. Then F
is a t-star of F ⊆ P2[n],Nk .
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